Motivated by NASA's proposed Deep Space 3 interferometer mission, this paper considers the problem of reorienting a constellation of spacecraft such that the total fuel distributed across the constellation is both conserved and expended uniformly. The spacecraft constellation is controlled to reorient as if it were a rigid body. Two approaches to fuel equalization are investigated. The first approach picks a point of rotation a priori that optimizes an objective function that trades off minimum-fuel maneuvers and maneuvers that equalize the fuel. Since the point of rotation is selected a priori and is fixed during the rotation, this approach is open-loop in that it cannot adjust to unpredicted, or inaccurately modeled fuel use. The second approach is closed-loop in that the point of rotation is caused to have second-order dynamics that track the center of unavailable fuel mass. Intuitively, the center of fuel mass will dynamically change to be close to spacecraft that are low on fuel. Simulation results for a four-spacecraft constellation restricted to a plane are given.
Introduction
This paper considers the problem of retargeting a constellation of spacecraft flying in formation. The problem is motivated by the objective of retargeting spaced-based interferometers that are configured from free-flying separated spacecraft. NASA's proposed Deep Space 3 interferometer measures distances between spacecraft with a laser metrology system. Initializing this system is a timely and complicated process. Therefore, when the constellation is reoriented to point at another target, the relative distance and orientation between the spacecraft need to be maintained within a specified tolerance. Consequently, the constellation needs to be reoriented as a virtual rigid body. To retarget a constellation, individual spacecraft may be required to use different amounts of fuel. After several reorientations, some of the spacecraft may have used all of their fuel while others may have expended very little. The objective of this paper is to derive two constellation retargeting algorithms that ensure that fuel consumption is equalized among the spacecraft.
Our basic approach is twofold. The first step incorporates both the kinematic constraints imposed on the spacecraft by the constellation, and the maximum thrust capability of each spacecraft, to derive position and velocity trajectories for each spacecraft. The second step is to use PD controllers to track these trajectories.
Of paramount importance is the point about which the constellation is reoriented. If the spacecraft are located an equal distance from the point of rotation, then the fuel expended by each spacecraft during a reorientation will be equal. This paper will explore two approaches to picking the point of rotation. The first approach is to a priori pick a point of rotation such that the fuel distribution at the end of the maneuver is equalized and the total fuel expended by the constellation is as small as possible. This constitutes an open-loop approach to picking the point of rotation. Once the point of rotation is selected, it is fixed and cannot adapt to reflect fuel expenditure that may be different than what was predicted a priori. This approach will be discussed in Section 3. The second approach is to dynamically change the point of reorientation according to the amount of fuel possessed by each spacecraft. The idea is to move the point of rotation so that it is close to spacecraft that are low on fuel. This approach will be discussed in Section 4.
Formation flying for separated spacecraft is a relatively new area of research. The problem of maintaining a fixed formation of spacecraft has been considered in [l] . Continuous rotation of a constellation about a fixed axis has been addressed in [2] . Initializing a formation of spacecraft has been considered in [3] . To our knowledge, this paper is the first time that the problem of fuel equalization has been considered.
Model and Assumptions
For simplicity of presentation, we will restrict our attention to rotations in a plane. The planar case contains all of the essential features of fuel equalization and the extension to three dimensions does not require any new ideas. Also, since the primary drain on the fuel will be functional:
translational motion of the spacecraft, the rotational dy-J = min i= 1 namics of the spacecraft will be ignored. Assuming that r R the fuel expended by a spacecraft is proportional to the norm of the applied thrust, the model for each spacecraft is
where Mi is the mass of the spacecraft, ri E R2 is its position in the inertial frame, ui E R2 is the control thrust, fi is the amount of fuel in the tank of the ithspacecraft, y is a proportionality constant and satai is the saturation function with limits &ai. The constellation is assumed to be in free space.
The coordinate frame geometry is shown in Figure 1 .
The fixed inertial frame is 0, C is the constellation frame
The first term in this functional represents the total amount of fuel expended by the constellation. The second term is motivated by the negative entropy of a probability distribution [4] , which is minimum for a uniform distribution, i.e., the second term will be minimized when Since the maximum angular acceleration of the constellation will be determined by the thrust limit of the spacecraft furthest from R, and since r? = ri(0) -T R , if then the maximum angular acceleration of the constellation is given by
If the constellation is rotating at its maximum angular acceleration then the thrust for each spacecraft is given by (i.e. r p is fixed and w c = 0 where w = i is the velocity), R is the rotation frame and i is the frame of the ithspacecraft in the constellation. The angle of rotation
of the constellation about R is denoted by 8.
Fixed Point of Rotation
In this section we derive an algorithm for picking the location of the rotation point, i.e. T R , such that given the initial fuel distribution (fl(O), . . . , f~( 0 ) } , the final fuel distribution {fi(tf), . . . , f~( t f ) } minimizes the following A trajectory for the constellation is found by constructing a minimum-fuel, minimum-time trajectory for the constellation. As shown in [5] , a minimum-time, minimum-fuel trajectory for a double-integrator plant with actuator saturation is given by a bang-off-bang control trajectory. Therefore we obtain the following possi- To complete the formulation, we need to express t, in terms of A and a%. Define the total amount of fuel used by the constellation during the maneuver to be
Substituting from equation (7) and solving for t f we get
To trade off minimum-fuel and minimum-time we minimize the function
for X > 0. The minimum-time, minimum-fuel tradeoff is now explicitly in terms of A. For X = 0 we get the
Dynamic Point of Rotation
In this section, we present a strategy for dynamically locating the point of rotation of a spacecraft constellation undergoing retargeting. The primary advantage of dynamically locating the rotation point of the constellation is that it provides a way to ensure uniform fuel usage between satellites in unanticipated situations, such as a spacecraft expending fuel at a greater rate than projected due to a thruster malfunction. The strategy for dynamically locating the rotation point is similar in many respects to the fixed-point strategy with the obvious exception that the fuel distribution between satellites is monitored continually throughout the retargeting operation and the location of the rotation point T R is adjusted accordingly. The computation of individual spacecraft accelerations is significantly more complicated for the dynamic-point approach due to coriolis terms that are introduced by the motion of the rotation point. Spacecraft accelerations introduced by excessive motion of the rotation point can also result in inefficient fuel usage due to the additional thrust required to maintain rotation about the moving point.
As with the fixed-point strategy, the spacecraft positions are constrained in the constellation frame such that T? is fixed and U? = 0 and the desired rotation of the constellation 8 is specified.
The first step in the dynamic-point strategy is to establish the rotation trajectory for the entire constellation, i.e. specifying O(t), e(t), and e(t). We again assume that the constellation moves according to a bang-off-bang control trajectory. The maximum possible radius of rotation for any spacecraft at any time during retargeting is assumed to be the maximum distance between any two spacecraft in the constellation. For a given final time t f , rotation angle 6, maximum radius of rotation T :~~, and maximum acceleration capability for each spacecraft amar, the switching time t, of a bang-off-bang (minimum thrust pulse width) trajectory can be determined by the solution to the nonlinear equation
For simplicity, we assume that amaz = ai/Mi is the same for each spacecraft in the constellation. An alternative would be to let amax be the maximum acceleration of the spacecraft with the lowest acceleration capability.
With the trajectory of the constellation template determined, the "initial conditions" of the retargeting maneuver must be specified. This includes the initial position of the rotation point rR(O), the initial velocity of the rotation point v~( 0 ) (typically zero), and the initial position of the constellation reference point relative to the point of rotation rg. Also included is the initial fuel mass of each spacecraft fi(0).
Once the initial configuration of the spacecraft constellation has been determined, the retargeting maneuver is initiated according to the rotation trajectory 8(t) determined previously. This represents the rotation of the constellation template with respect to the inertial reference frame.
The motion of the rotation point is determined by examining the available fuel mass of each of the spacecraft throughout the maneuver. The desired point of rotation is found by computing the center of unavailable fuel mass r u f :
As the retargeting motion is carried out, the center of unavailable fuel mass will move toward the spacecraft with the least amount of fuel. The center of unavailable fuel mass becomes the desired rotation point for the constellation r R d .
The fact that the rotation point is free to move implies that the rotation point has an acceleration associated with it. The acceleration of the rotation point is required to compute the acceleration of each spacecraft, which enables the calculation of fuel usage. A critical point of the method is determining how the rotation point should move. The strategy we have taken is to compute the acceleration of the rotation point U R using a simple control law where V R is the velocity of the rotation point in the inertial frame. The acceleration of the rotation center is integrated twice to produce the velocity and position at each instant during the retargeting of the constellation. 
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By so doing, the motion of the rotation center is effectively given second-order dynamics.
With the acceleration, velocity, and position of the rotation center known, the accelerations of the individual spacecraft ai can be determined. It is assumed that the spacecraft rotate as a rigid body about the moving center of rotation according to the trajectory O ( t ) . The individual spacecraft accelerations are the basis for calculation of fuel usage rates f i which are integrated to determine the available fuel mass fi for each spacecraft:
Throughout the duration of the constellation rotation, the available fuel of each spacecraft is monitored. Based on the fuel distribution in the constellation, the point of rotation is moved so that smaller accelerations (and thus less fuel usage) are required of those spacecraft running low on fuel. The final outcome of this procedure is a trajectory for each spacecraft in the constellation that results in fuel usage being as uniform as possible for a specific reorientation of the constellation.
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Simulation Results
This section describes simulation results using the two approaches described in Sections 3 and 4. Simulations were performed in Matlab. For both fixed and dynamic points of rotation, the desired motion of the constellation is obtained from the kinematic equations given in Equation (6). that the point of rotation does not stay fixed as might be expected. This is because the fixed point algorithm finds the point that equalizes the fuel over the entire trajectory, whereas the dynamic point algorithm moves the point of rotation to equalize the fuel locally in time. While picking the point of rotation dynamically is more robust, the overall fuel consumption is increased since the accelerations increase for each spacecraft as the point of rotation is moved.
